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Abstract 
 
This work evaluates the friction coefficient using the model of plastic hemispherical contact against a rigid flat. The fractional profile 

of an ellipsoid is utilized to describe the deformed hemispherical shape, and simultaneously define the contact area ratio. Particularly, an 
adhesion factor is defined to assess the junction ability of asperity adhesion under compressive loading. Additionally, the complex proc-
ess of contact is assumed as a series of contact states changing from fracture to shearing. The friction coefficient, which obeys the con-
stant friction law, is then derived as a function of interference and strain hardening exponent via adhesion theory. Finally, a comparison 
of friction coefficient is made with the published experiment, showing that the calculated value is larger than the experimental value. 
Some practical conclusions are presented and a conceptual understanding of contact friction is provided. 
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1. Introduction 

The most significant effect on surface contact is resistance 
when sliding, which is the meaning of contact friction. Con-
tact friction is due to forces that arise from the interactions of 
asperities in sliding contact. Blau [1] identified the character-
istics of friction coefficients, such as the measurement and 
usage of static and kinetic friction coefficients, and sources of 
frictional resistances. Since all surfaces of mechanical parts 
are to some degree rough once manufactured, the modeling of 
contact between these rough surfaces becomes extremely 
important and leads to an enhanced understanding of contact 
friction between surfaces. When two rough surfaces are 
pressed together under a load, only the asperities on the sur-
face are in contact. Thus, the asperities of surfaces often have 
very high loads, often causing surface yielding. Therefore, 
purely elastic contact models of rough surfaces are not always 
adequate under severe loading. 

Notably, two different models are typically utilized to ana-
lyze contacting asperities. One model is indentation loading 
in which a rigid sphere penetrates a deformed plane, and the 
other model is the reverse case, in which a deformed sphere is 
loaded against a rigid flat; these models are employed to in-
vestigate the characteristics of contact. This work is con-

cerned with hemispherical contact against a rigid flat. 
Greenwood and Williamson [2] pioneered the study of fric-

tionless contact between a hemisphere and a rigid flat (the 
GW model) applied the Hertz contact solution to model an 
entire contact surface of elastic asperities. To supplement the 
GW model, many elastic-plastic asperity models have been 
devised. Many plastic contact models are based on the Abbott 
and Firestone model [3], but neglect volume conservation of 
plastic deformation. Plastic contact of surfaces is a fundamen-
tal problem in the contact mechanics of severe loading. 

Any understanding of friction must be rooted in an under-
standing of contact mechanics. During contact, asperity inter-
actions combined with adhesion always occur and are often 
the primary cause of friction. Chang et al. [4] applied the GW 
model to an elastic-plastic contact (CEB) model to estimate 
the static friction of two rough surfaces in contact. Elastic-
plastic finite element solutions, such as the sliding inception 
of a spherical contact developed by Kogut and Etsion [5] and 
the elastic-plastic contacting rough surfaces developed by 
Kogut and Etsion [6], are applied to predict a better static 
friction coefficient than that predicted by Chang et al. [4]. 
Etsion et al. [7] recently conducted an experiment to investi-
gate the elastic-plastic contact area and static friction of a 
deformable sphere on a rigid flat. Brizmer et al. [8] theoreti-
cally analyzed the behavior of an elastic–plastic contact be-
tween a deformable sphere and a rigid flat under combined 
normal and tangential loading with full stick contact condi-
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tion. Ovcharenko et al. [9] experimentally studied the elastic-
plastic contact between a deformable sphere and a rigid flat 
during pre-sliding. Cohen et al. [10] studied the elastic-plastic 
spherical contact of rough surfaces under combined normal 
and tangential loading with full stick contact condition. 

A proper friction coefficient is very difficult to obtain. 
Therefore, conceptual understanding of the friction process is 
now essential to an accurate estimation of the friction coeffi-
cient. The contribution of this work is the mathematical repre-
sentation of friction under dry friction for practical and ana-
lytical applications. The most popular and simplest constant 
friction coefficient of the Amonton-Coulomb friction model 
is applied in this study. An extended model, including mate-
rial properties and surface contact characteristics, is proposed 
on a model of a hemispherical contact against a rigid flat. A 
fractional profile of an ellipsoid is utilized to describe the 
deformed shape of a hemisphere; the real contact area ratio is 
defined simultaneously. The normal contact pressure is as-
sumed as a mean stress. Additionally, an adhesion factor is 
defined to measure the junction ability of asperity contact. It 
is assumed that the friction process is a series of contact states 
changing from fracture to pure shearing. The effects of sev-
eral factors are examined using the proposed contact model.  
 

2. Basic analysis 

Fig. 1 describes schematically the contact processes of 
rough surfaces during compression. In the contact layer, the 

hardened and polished surface, such as the tool surface, is 
replaced by a rigid flat, and the raw and rough surface, such 
as the deformable material surface, is replaced with a deform-
able hemisphere. Additionally, it is assumed that the surface 
asperities are homogeneously distributed on the contact sur-
face and do not interfere with adjacent asperities. Thus, a 
single asperity contact model can be generally approached in 
this manner. In the processes of compression (Figs. 1(a)-(c)), 
the shape of the deformed hemisphere is approximated by a 
fractional ellipsoid distribution to facilitate an analytical solu-
tion, which is a key feature of this work. Additionally, the 
deformed hemisphere becomes a cylinder (Fig. 1(c)) in the 
final stage of compression based on the constant volume law 
of plasticity. Of course, the surface contamination and the 
formation of oxide films are neglected in this model. For de-
formation behavior, the elastic deformation is neglected in 
deformation analysis. 

The conventional adhesion theory, the first modern expla-
nation of friction, was developed by Bowden and Tabor [11], 
which posits that contact adhesion during surface interaction 
causes friction resistance in which the combined effect of 
normal pressure and shear stress is considered at the contact 
area of an asperity junction. In this work, the constant friction 
coefficient, such as Amonton-Coulomb friction law exten-
sively used in analysis and application, is defined as 

 

N
Ft=µ    (1) 

 
where the tangential force, tF , broke the friction junction 
and normal force, N , induced contact. On the real contact 
area, rA , the constant friction coefficient can be written as 
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The friction stress sf αττ =  is based on the work of Shaw 

[12] that sτ  is maximum shear stress and rp  is contact 
pressure. In identifying the constructs of the contact layer, it is 
believed that the junction fracture of an adhesive asperity 
results in resistance to sliding (Fig. 2 (a)). In this situation, sτ  
can be replaced by 

 

fas C στ →    (3) 
 

where the fracture stress, fσ , is defined as the true tensile 
strength (in terms of true stress) n

u Kn=σ  based on the 
condition that necking deformation (plastic instability) begins 
at maximum load of simple tension test, and aC  is defined 
as an adhesion factor with a range of 1~ 3/1 , in which 

1=aC  is the sliding case ( us στ → ) and 3/1=aC  is the 
sticking case (Fig. 2(b)) in which 3/us στ =  on von Mises 
yield criteria. The constant friction coefficient, µ , can then 
be described as 

Compression

h = 1/3Ro

(a)

(b)

(c)

Ro

hemisphere

cylinder

h < 1/3Ro

rigid flat h = 0

ellipsoid

hydrostatic stress state

fixed boundary

 
 
Fig. 1. Contact model for hemispherical contact against a rigid flat,
showing three compressive loading processes: (a) hemisphere, h = 
0 →  (b) ellipsoid, h < 3/0R →  (c) cylinder, h = 3/0R , in which a 
single hemispherical contact is used to represent the whole contact
condition for all hemispheres (asperities) are identical in contact on the 
surface. 

 

fracture
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Fig. 2. The schemes of (a) fracture and (b) sticking states in friction 
contact. 



 D.-K. Leu / Journal of Mechanical Science and Technology 24 (8) (2010) 1697~1707 1699 
 

  

2 2

0 2 3
0 0

0

1 , 1,
3 ( )

3

x yh R
R R h

R h

< + =
⎡ ⎤−
⎢ ⎥−⎣ ⎦

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⋅⋅==

u

r
a

r

s

p
C

p
σ

α
ατ

µ 1    (4) 

 
Clearly, the constant friction coefficient, µ , can be defined 
as a function of dimensionless parameters α , aC  and 

)/( urp σ , which are analyzed as follows. 
 

2.1 The profile of a deformed hemisphere against a rigid 
flat 

The shape of a deformed hemisphere is approximated as a 
fractional ellipsoid distribution, which is a feature of this 
work, and becomes a cylinder in the final stage (Fig. 1(a) to 
(c)). On this assumption, the equation of the ellipse for a 2-D 
section of an ellipsoid can be used, 
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where a )( 0R= is the length of the fixed short axis of the 
ellipsoid (i.e. the radius of the hemisphere) and b is the length 
of the long axis of the ellipsoid that varies with compressive 
loading. 

The constant volume law of plastic deformation is obeyed 
by 21 VV = , such that the squeezed volume at a certain inter-
ference h ( 1V ) equals the spread volume around the periphery 
of the contact plane ( 2V ) (Fig. 3), in which 
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Then, b under the condition of 21 VV =  is 
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The ellipse equation is then used to describe the profile of a 
deformed hemisphere at a certain interference h can be writ-
ten as 
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Clearly, the ellipse equation is a function of interference h. 
The profile of the deformed hemisphere changed from an 
ellipsoid )3( 0Rh <  to a cylinder at the final stage 

)3( 0Rh =  within the range of 30 0Rh ≤≤ . It is concluded 
that 

(1)  1 ,0 2
0

2

2
0

2

=+=
R
y

R
xh , is a hemisphere before compres-

sion (Fig. 1 (a)); 
 
(2), has a fractional shape 

 
 
of an ellipsoid between 0=y  and hRy −= 0  at a certain 
interference h (Fig. 1 (b)); and 
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in the final stage (Fig. 1(c)). 
 
During the final stage, the deformed hemisphere changed 

into a cylinder, implying that the stress state will change into 
a hydrostatic stress state of compression. Under this condition, 
the final cylinder shape (radius, 0R ; height, 3/2 0R ) at 

3/0Rh =  will not be compressed further because of the con-
straints resulting from the adjacent hemispheres. 

 
2.2 The contact area ratio 

In the proposed model, the contact area ratio is defined as  

Sphere

Rigid flat

Sliding

Compression

Contact and sliding area

V

Volume
= Volume

A quadratic curve and

: before compression
: after compression

assumed as an ellipsoid

Hemisphere

Ellipsoid

1
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V2

V2

2V
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Fig. 3. Deformed shape of hemisphere contacting with a rigid flat. 
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Fig. 4. The surface area of a spherical cap is spread out in a plane as a 
circular area by a compressive loading of rigid flat. 
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where rA  is the real contact area at a certain interference h 
corresponding to R′  and aA  is the apparent area which 
equals the normal projective area of the hemisphere. 

Substituting Rx ′=  and hRy −= 0  into the ellipse equa-
tion, Eq. 9, yields 
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The contact area ratio at a certain interference h can then be 

obtained as 0 3R h−  
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with interference ratio 0/ Rh . 

At the interference range of 30 0Rh ≤≤ , the contact area 
ratio is 

(1) 0 and 0at  0 === rAhα ; 

(2) ar AARh <<<  and 
3
1at  1 0α ; and 

(3) ar AARh ===  and 
3
1at  1 0α , as full contact. 

The full contact state is defined as a sticking state, which 
corresponds to the hydrostatic stress state of compression in 
which only slipping via shearing can be induced.  

 
2.3 Mean contact pressure and compressive load 

At a certain level of interference h, we assume compressive 
stress induced by the contact area is a mean contact pressure. 
Additionally, the compressed hemisphere is simplified as an 
axial symmetrical stress element for axial symmetrical con-
figuration. Under the constant volume law and axial symmet-
rical conditions of 0=++ rz εεε θ  and rεεθ = ,  
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where zr εεε θ   and  ,  are true strains in z  and  , θr direc-
tions, respectively, and r and R  are the radius of the com-
pressed element before and after compression, respectively, at 
a certain level of interference h. 

The effective strain, eε , and stress, eσ , based on von 
Mises yield criteria of plastic deformation, can be written as  
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From Fig. 4, radius r can be obtained 
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To obtain R , the surface area of a spherical cap with radius 

0R  and height h (i.e. interference) prior to compression 
equals the corresponding circular area after compression is 
assumed and shown in Fig. 4. First, the surface area of spheri-
cal cap before compression at a certain h is  
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Second, the circular area, the surface area of spherical cap 
spread in a plane, is 
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Radius R  after compression can then be obtained by 
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The effective strain can be obtained by substituting R  and r 
into Eq. (15), 
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Thus, the mean contact pressure, rp , on the contact area can 
be approximated as 
 

n

er

R
h

Kp

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

=≈

0

2

2lnσ
   (22) 

 
or normalized as 
 

n

n

u

r

n
R
h

p ⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

= 0

2

2ln

σ
   (23) 

 
 
Fig. 5. The schemes of junction phenomenon for asperities contact; 

1 2 3( ) ( ) ( )a a aC C Cα α α> > . 
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Thus, the compressive load at a certain interference ratio 
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or normalized as 
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which is a function of strain hardening exponent n and inter-
ference ratio 0Rh , where mF  is normalized compressive 
load. 

 
2.4 Adhesion factor aC  

As is well known, micro fracture and shear slipping are al-
ways induced on the sliding contact surface of materials. 
Therefore, the junction ability of contact asperities needs a 
more detailed clarification that the junction ability decreases 
as contact area increases in the early contact stage because 
full junction is easily attained for contact between two whole 
sharp peaks of asperity which results in a complete deforma-
tion energy concentration, a very large energy density. On the 
other hand, in this early contact stage, the contact layer has a 
significant amount of space, and fracture stress primarily 
results from the broken junction, not shearing. Fig. 5 shows 
this phenomenon. This is something like the press operation 
of shearing of sheet metal forming with a large clearance 
between punch and die. Therefore, at the start of contact, 
fracture stress can be defined as uaC σ , in which 1=aC  for 
a case of complete fracture resulting from full junction. 

Therefore, while contact or compression increases, the con-
tact area increases markedly, and deformation energy will be 
spread out on the increasing contact area and then transfer to 
the contact body. Thus, the energy per unit contact volume 
(or energy density) decreases and results in a poor contact 
junction. However, the asperities become reciprocally 
squeezed within the reduced space in the contact layer. Fi-
nally, full contact is achieved and the stress condition be-
comes a pure shearing state called a sticking state, which is 
something like the fine blanking process of sheet metal form-
ing. In the final stage, fracture stress can be defined as uaC σ , 
in which 3/1=aC , fracture stress turns to maximum shear 

stress based on von Mises yield criteria, for a pure shearing 
case in a full contact sticking state. 

Therefore, the adhesion factor can be defined as a function 
of α , another feature of this work, 
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Obviously, the acC  can be defined as 3/1=acC . Then Eq. 
(26) can be written as, 
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and 13/1 ≤≤ aC .  

Eq. (28) implies that 
(1) ufaC σσα →== ,1,0 , full junction as a fracture 

case; and 
(2) sufaca CC τσσα =→=≈= 3/1,3/1,1 , full 

contact (or sticking state) as a shearing case. 
 
2.5 The friction coefficient 

From Eq. (4), the friction coefficient can be generalized as  
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Fig. 6. The proposed distribution of adhesion factor aC ; 1aC = as 

0α =  and aca CC ≈  as cα α= . 
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Thus, the complete form of the friction coefficient can be 
written as 
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which is a function of strain hardening exponent n and inter-
ference ratio 0Rh . 

 
2.6 Constraints in the proposed friction model 

From Eq. (22) or Eq. (23), n
ur Knp =≤ σ , 
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The limiting condition of the above inequality can be writ-
ten as 
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where max0 )/( Rh  is the maximum interference ratio corre-
sponding to the condition of urp σ=  for a particular critical 
value n. The critical value of max0 )/( Rh  should be less than 
1/3, the geometrical constraint. Additionally, the limiting 
condition based on Eq. (32) can also be in terms of n, 
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meaning that each n has a critical value of max0 )/( Rh  for the 
condition of urp σ= . Therefore, the critical contact area 
ratio, cα , corresponding to max0 )/( Rh  can be obtained as 
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and should remain less than unity. 

For the critical case of 3/1)/( max0 =Rh  (i.e. 1=cα ), a 
critical value of n can then be obtained from Eq. (32) that 
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   (35) 

 
This critical value of 18232.0=n  implies the following: 
 
(1) if 18232.0<n , then 1)/( =urp σ  at 3/1)/( max0 <Rh  

and 1<cα , i.e. the mean contact pressure rp  will first 
reach the maximum value (true tensile strength uσ , the 
maximum deformation resistance of metal) before interfer-
ence h reaching the maximum value of 3/0Rh = ; thus, the 
conditions of 3/1)/( max0 =Rh  and 1=cα  do not exist in 
this case because the metal has been fractured before 

3/0Rh = ; 
(2) if 18232.0=n , then 1)/( =urp σ  at 3/1)/( max0 =Rh  

and 1=cα  just holds; and 
(3) if 18232.0>n , then 1)/( <urp σ  at 3/1)/( max0 =Rh  

and 1=cα . Thus, rp  can continue increasing until 
1)/( =urp σ ; however, 3/1)/( max0 =Rh  and 1=cα  are still 

invariable. Within this period, friction stress remains constant 
because a hydrostatic stress state always occurred 
( 3/1)/( max0 =Rh ), but contact pressure rp  increased. 
Therefore, the friction coefficient will begin decreasing with 
contact pressure until 1/ =urp σ . 

This discussion demonstrates the complex relationships 

Table 1. The relationships among n, 0 max( / )h R , cα  and /rp K . 
 

n 0.05 0.15 0.18232 0.35 0.55 

max
0

)(
R
h  

0.09754 0.27858 1/3 1/3 1/3 

cα  0.21616 0.77232 1 1 1 

K
pr  

nn=

05.005.0  
nn=

15.015.0  
nn=

18232.018232.0  
nn<

55118.0
nn<

39216.0
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among max0 )/( Rh , )/( urp σ , cα  and n. These relation-
ships are clarified using several cases of n in Table 1. 
 

3. Results and discussions 

The contact friction appears to be extremely difficult to de-
termine. Therefore, a simple model for conceptually under-
standing friction is now proposed. The proposed model for 
evaluating friction coefficient µ  is discussed as follows. 

 
3.1 The profile of a deformable hemisphere against a rigid 

flat  

The profile of a deformable hemisphere against a rigid flat 
is assumed a fractional shape of an ellipsoid, as described by 
Eq. (9). Fig. 7 shows the profile of the deformed hemisphere 
with 0/ Rh  from 0 (as a hemisphere) to 1/3 (as a cylinder). 
The predicted profile of deformed hemisphere is very similar 

to the FE simulation results, such as the results by Jackson 
and Green [13] (Figs. 7 and 10), in which they are all the 
quadratic forms. 
 
3.2 The contact area ratio ar AA /=α  

The contact area ratio, α , defined by Eq. (13) is utilized to 
measure the shearing effect under normal contact. Fig. 8 
shows the contact area ratio, α , increases significantly as the 
interference ratio, 0/ Rh , increases, which shows a slightly 
increasing rate. In the final stage of compressive loading, α  
will approach unity when 0/ Rh  equals 1/3; it implies the 
contact friction condition reaches a beginning of sticking. The 
Fig. 4 of Etsion et al. [7] shows dimensionless contact area vs 
dimensionless normal load for three cases, which represents 
best fit of experimental data; and the trend of contact area 
ratio is very similar to the present result of Fig. 8 by the pro-
posed model. Accordingly, the result of simulation obtained 
by Kogut and Etsion [14] (Fig. 8) shows dimensionless con-
tact area vs dimensionless interference for different models, 
which trend with a slightly increasing rate is more similar to 
the present result of Fig.8; so does Jackson and Green [13] 
(Fig. 3) that shows dimensionless contact area vs dimen-
sionless penetration depth for different models on a log scale. 
 
3.3 The compressive load 

The compressive load can be normalized and described by 
Eq. (25). It is a function of interference ratio 0/ Rh  and 
strain hardening exponent n. In terms of α  and eε , Eq. (25) 
can be rewritten as 
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Based on the critical conditions of 1≤≤ cαα  and ne ≤ε ,  
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Fig. 8. Variation of contact area ratio α  with interference ratio 
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Fig. 9 presents the theoretical effect of the interference ratio, 
0/ Rh , on normalized compressive load mF  under various 

strain hardening exponents. The normalized compressive load 
increases significantly as the interference ratio, 0/ Rh , in-
creases under various values for n. The trend of compressive 
load is very similar to the results of theoretical simulation 
conducted by Kogut and Etsion [14] (Fig. 9). In the proposed 
model, when n < 0.18232, the normalized load, mF , will 
reach easily the maximum value, such that point F for n = 
0.05 and point E for n = 0.15, and their max0 )/( Rh  are al-
ways less than 1/3 such as max0 )/( Rh = 0.09754 for n = 0.05 
and max0 )/( Rh = 0.27858 for n = 0.15 (Table 1). Conversely, 
when n > 0.18232, mF  will always be less than nn  as 

0/ Rh  approaches 1/3 )1( =α , as in the case of n = 0.35 for 
point B ( 35.035.055118.0 <=mF ) and n = 0.55 for point A 
( 55.055.039216.0 <=mF ). At this moment, 3/1)/( max0 =Rh  
remains invariable because a hydrostatic stress condition is 
induced; however, compressive loading can be subsequently 
increased to maximum contact stress, i.e. ne =ε , which can 
be shown by point C ( 35.035.069251.0 ==mF ) for n = 0.35 
and point D ( 55.055.071978.0 ==mF ) for n = 0.55. Clearly, 
all compressive loads reach the critical condition of nn . 

 
3.4 The adhesion factor aC  

An adhesion factor, aC  shown in Eq. (28), is proposed 
and utilized for evaluating the junction ability of asperities in 
sliding contact. Fig. 10 shows the distribution of the adhesion 
factor aC  with the contact area ratio α . The adhesion fac-
tor aC  decreases as the contact area ratio α  increases. The 
adhesion factor aC will decrease to a constant of 3/1  and 
then remain. Observing Figs. 5 and 10, 1=aC  is clearly 
induced by an infinitely small contact (full junction or com-
plete deformation energy concentration) at 0→α , which is 
a fracture case. Additionally, 3/1=aC  is induced by full 
contact (sticking or complete shearing) at 1== cαα , 
which is a shearing case. 

 
3.5 Evaluation of friction coefficients µ  

A simple and novel contact model for contact friction is 
proposed. The equation of friction coefficient is shown in Eq. 
(4) or Eq. (29). Fig. 11 shows the effects of the interference 
ratio, 0/ Rh , and strain hardening exponent, n, on the friction 
coefficient, µ . From the figure, there are four stages in trend 
for the distribution of friction coefficient, such as the line 
OCE (case n = 0.55), µ  increases linearly with a large con-
stant rate in the first stage, the rate of increase decreases in the 
second stage, increases with a low constant rate in the third 
stage, and then decreases with contact pressure under the 
invariable condition of max0 )/( Rh )3/1(=  in the final stage. 
In the final stage, shown in line CE, the contact friction re-
mains in a sticking state, indicating that friction stress retains 
a maximum shear stress 

sτ  and normal contact pressure can 
still increase to true tensile strength ( 1/ →urp σ ). Notably, 
µ  increases as n increases at a constant 0/ Rh . As n < 

0.18232, the friction coefficient will peak (point A for n = 
0.05 and point B for n = 0.15) before full contact, i.e. 

3/1)/( max0 <Rh . Conversely, as n > 0.18232, the friction 
coefficient will always peak as 0/ Rh  approaches 1/3, as in 
the cases of point D for n = 0.35 and point C for n = 0.55. 
Thus, max0 )/( Rh  will remain constant for a hydrostatic 
stress condition induced subsequently; however, compressive 
loading can be subsequently increased to maximum contact 
stress, urp σ= , which is shown by point E as n = 0.35 and 
0.55. At this moment, the friction coefficients will decrease to 
a constant 3/1  under the conditions of 1=α , 

3/1=aC  and 1)/( =urp σ . For the case of n = 0.18232 
shown in line OE, it is a special case in that the friction coef-
ficient will directly increase to 3/1 , which is a sticking 
state. 

Finally, a comparison of friction coefficient between an ex-
periment conducted by Hassan Mohamed et al. [15] and the 
calculated value of the proposed model is shown in Fig. 12. It 
is found that the calculated value is something larger than that 
determined experimentally. Therefore, the proposed contact 
model seems to overestimate the friction coefficient in this 
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manner. However, the reason for the overestimation of the 
friction coefficient might be the increasing rates of the contact 
area ratio, shown in Fig. 8, for they obviously differ from the 
decreasing rates in other contact experiments, such as that by 
Wanheim and Bay [16] (Figs. 13 and 16) and Bay et al. [17] 
(Figs. 4 and 9). 

 
3.6 The constraint of this contact modeling 

From Eqs. (32) and (35), n = 0.18232 is found as a critical 
value. For n < 0.18232, the contact area ratio cannot reach full 
contact, i.e. 1=α , because the contact pressure first reaches 
true tensile strength before full contact. This is in contrast to 
the case of n > 0.18232. Equation (33) shows the relationship 
between max0 )/( Rh  and n and Eq. (34) shows the relation-
ship between critical contact area ratio cα  and n. Both 

max0 )/( Rh  and cα  increase as n increases until n = 0.18232 
(Fig. 13). These values will always remain constant; thus, 

3/1)/( max0 =Rh  and 1=cα  as n > 0.18232. 
Notably, the process factors interact in such a complex 

manner that they cannot be strictly considered in isolation. 
Although additional experience is needed, some practical 
conclusions are possible to further the understanding of the 
contact friction. 
 

4. Conclusions 

This work presents an evaluation of the friction coefficient 
for a model in which a rigid flat contacts a deformable hemi-
sphere. Some practical conclusions are presented and a con-
ceptual understanding of contact friction is provided. The 
following is a list of primary conclusions. 

(1) The profile of a deformable hemisphere against a rigid 
flat is assumed to be the shape underneath an ellipsoid, sig-
nificantly reducing the complexity in describing a deformed 

shape during compressive loading, which is a feature of this 
work. However, the interference ratio, 0/ Rh , should be less 
than 1/3. Clearly, the deformed hemisphere becomes a cylin-
der and a hydrostatic stress state is induced at the critical con-
dition of 3/1/ 0 =Rh  (or 1=α ). The profile of deformed 
hemisphere agrees with FE simulation results, such as those 
obtained by Jackson and Green [13] (Figs. 7 and 10), in 
which all shapes have a quadratic form. 

(2) The real contact areas of surface asperities play an im-
portant role in contact friction. The contact area ratio, α , 
significantly increases as the interference ratio, 0/ Rh , in-
creases with a slightly increasing rate in this model. This 
trend agrees with experimental observations obtained by Et-
sion et al. [7] (Fig. 4) and the theoretical simulations such as 
those by Jackson and Green [13] (Fig. 3) and Kogut and Et-
sion [14] (Fig. 8). 

(3) The compressive load is proposed as a function of the 
interference ratio, 0/ Rh , and strain hardening exponent n. 
As n < 0.18232, the normalized load mF  peaks before 

0/ Rh  approaches 1/3. Conversely, as n > 0.18232, the nor-
malized load is always less than nn  as 0/ Rh  approaches 
1/3. Subsequently, 3/1)/( max0 =Rh  will always keep in-
variable and then a hydrostatic stress state is induced; how-
ever, compressive loading can still increase to the critical 
condition such that contact stress reaches uσ  prior to surface 
fracture. 

(4) A proposed adhesion factor aC  is used to measure the 
junction ability of asperities contact; the range of which is 
1~ 3/1 , which is another feature of this work. Clearly, 

1=aC  is induced by an infinitely small contact (full junc-
tion or complete deformation energy concentration) at 

0→α , which is a fracture case in the proposed model. As 
3/1=aC  is induced by full contact (a complete shearing 

state) at 1== cαα , which is a pure shearing case of stick-
ing. 

(5) A critical value of n is found such that the contact state 
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Fig. 12. Comparison between experimental and calculated friction
coefficients, where the experiments was carried out by Hassan Mo-
hamed et al. [15] in which “CA” is adhesion coefficient, “A” is contact 
area ratio and “θ ” is contact angle. 

0 0.1 0.2 0.3 0.4 0.5
    Strain hardening exponent  n

0

0.4

0.8

1.2

M
ax

im
um

 in
te

rfe
re

nc
e 

ra
tio

  (
h/

R
0)

m
ax

0

0.4

0.8

1.2

C
rit

ic
al

 c
on

ta
ct

 a
re

a 
ra

tio
  α

c

O

A B

C D

OAB: αc
OCD: (h/R0)max

αc = 2(h/R0)max/[1-(h/R0)max]
0 < αc < 1

(h/R0)max = 2(1-e-n)
0 < (h/R0)max < 1/3

n = 0.18232

 
 
Fig. 13. Variation of maximum interference ratio max0 )/( Rh and 
critical contact area ratio cα  with strain hardening exponent n. 



1706 D.-K. Leu / Journal of Mechanical Science and Technology 24 (2010) 1697~1707 
 

cannot reach full contact ( 1=α ) as n < 0.18232, which is in 
contrast to the case of n > 0.18232. As n > 0.18232 and the 
contact state approaching full contact, the normal contact 
stress is still less than true tensile strength; thus, loading can 
increase until it equals true tensile strength. However, friction 
stress will always remain constant (the maximum shear stress 
for a hydrostatic stress state induced in this period) and result 
in a decreased friction coefficient. However, in the case of n < 
0.18232, the friction coefficient simply increases as interfer-
ence increases to a maximum value prior to surface facture. 
Additionally, the calculated friction coefficient is larger than 
that derived experimentally in previous studies. It may result 
from the increasing rates of the contact area ratio for which 
obviously differ from the decreasing rates in other contact 
experiments, such as that by Wanheim and Bay [16] (Figs. 13 
and 16) and Bay et al. [17] (Figs. 4 and 9). However, the pro-
posed model seems suitable for the modeling of micro contact 
friction because the proposed model is based on the micro 
contact of rough asperities. Under the micro scale, the friction 
coefficient increases with miniaturization that results from the 
size effect, has been verified by many researchers, such as 
Engel and Eckstein [18]. Although further study work is 
needed, some conceptual understandings of friction are possi-
ble. 

The proposed friction concept may explain a number of ob-
servations and cover notions of friction used frequently. 
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Nomenclature----------------------------------------------------------------------- 

A  :  Short axis of an ellipsoid 
aA   :  Apparent area 
rA   :  Real contact area 

b  :  Long axis of an ellipsoid 
c  :  A constant for aC  

aC   :  Adhesion factor 
acC   :  A constant ( 3/1= ) 
pF   :  Compressive load 
mF   :  Normalized compressive load 
tF   :  Friction force 

h  :  Interference 
0/ Rh   :  Interference ratio 

max0 )/( Rh  :  Maximum interference ratio 
K  :  Material constant 
n  :  Strain hardening exponent 
N  :  Normal force 

rp   :  Contact pressure 
r  :  Radius before compression 
R   :  Radius after compression 

R′   :  Radius corresponding to an interference h 
0R   :  Radius of hemisphere 

V1  :  The squeezed volume at a certain interference h 
V2  :  The volume spread out around the contact  
  plane (= V1) 
 
Greek symbols 

α   :  Contact area ratio 
cα   :  Critical contact area ratio 

zr εεε θ ,,  :  Strain at zr ,,θ  directions 
eε   :  Effective strain 
eσ   :  Effective stress 
fσ   :  Fracture stress 

uσ   :  True tensile strength 
fτ   :  Friction stress 
sτ   :  Maximum shear stress 

µ   :  Friction coefficient 
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